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PSEUDODERIVATIONS, PSEUDOAUTOMORPHISMS AND
SIMPLE CURRENT MODULES FOR VERTEX ALGEBRAS
HAISHENG LI
Abstract. We exhibit a connection between Etingof-Kazhdan’s notion of
pseudoderivation and a certain construction of simple current modules for
a vertex operator algebra and meanwhile we introduce and study a notion of
pseudoendomorphism (pseudoautomorphism).
1. Introduction
Vertex (operator) algebras are analogous to classical Lie algebras and associative
algebras in many aspects, though there are also significant differences in many
aspects. For a vertex (operator) algebra V , one has the basic notions of derivation,
endomorphism and automorphism. A derivation of a vertex algebra V is a linear
endomorphism d of V such that
dY (u, x)v = Y (u, x)dv + Y (du, x)v for u, v ∈ V.
Just as with Lie algebras and associative algebras, the exponential ed of a locally
finite derivation d of V is an automorphism of V .
In a study on formal deformation of vertex operator algebras, Etingof and Kazh-
dan in [EK] introduced and studied a notion of pseudoderivation for a vertex alge-
bra. By definition, a pseudoderivation of a vertex algebra V is a linear map a(z)
from V to C((z))⊗ V , where z is a formal variable, such that
[L(−1), a(z)] = −
d
dz
a(z),(1.1)
[a(z), Y (v, x)] = Y (a(z + x)v, x) for v ∈ V.(1.2)
It was proved therein that a(z)1 = 0. Just as derivations are important in the study
of formal deformations of classical Lie algebras, pseudoderivations are important in
the study of formal deformations of vertex operator algebras.
In another (seemingly unrelated) study [Li2], motivated by the physics supers-
election principle in (algebraic) conformal field theory, we studied how to deform
the adjoint module for a vertex operator algebra V to obtain new modules. The
formulation of the physics superselection principle is based on the following simple
fact: For an algebra of many types (Lie algebras, associative algebras and vertex
algebras), if σ is an endomorphism of the algebra, then for any module U , we have
a “new” module structure on U defined by a ∗ u = σ(a)u for a ∈ R, u ∈ U .
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Having noticed that the σ-twisting of the adjoint representation by an automor-
phism σ is always isomorphic to the adjoint representation we considered twist-
ing by deformed endomorphisms of a certain type. It was proved in [Li2] that if
∆(z) ∈ Hom(V,C((z))⊗ V ) satisfies the conditions
∆(z)1 = 1 (= 1⊗ 1),(1.3)
[L(−1),∆(z)] = −
d
dz
∆(z),(1.4)
∆(z)Y (v, x) = Y (∆(z + x)v, x)∆(z) for v ∈ V,(1.5)
then for any V -module (W,YW ), (W,YW (∆(x)·, x)) carries the structure of a V -
module. (Notice that if ∆(z) = σ is independent of z, then the above three con-
ditions exactly amount to that σ is an endomorphism of vertex algebra V .) Fur-
thermore, we gave an explicit construction of such invertible ∆(z) and we applied
the results to the vertex operator algebras associated with affine Lie algebras, with
Heisenberg Lie algebras and with nondegenerate even lattices. Indeed, the twisting
of the adjoint module gives rise to new modules, which were proved to be “simple
current modules” in a certain sense. In this way we obtained a construction of
simple current modules.
Now, it is manifest that Etingof-Kazhdan’s notion of pseudoderivation and our
construction of simple current modules are much more than simply related. The
main purpose of this short note is to exhibit this connection explicitly and concep-
tually. In Section 2, we formulate notions of pseudoendomorphism and pseudoau-
tomorphism, using (1.3)-(1.5). It is proved that that if a(z) is a locally nilpotent
pseudoderivation of V such that [a(z1), a(z2)] = 0, e
a(z) is a pseudoautomorphism
of V . We show that the Lie algebra PDer(V ) is canonically isomorphic to the
Lie algebra of all C((z))-linear derivations of the tensor product vertex algebra
C((z)) ⊗ V (see [FLM]), where C((z)) is the Borcherds’ vertex algebra associated
with the unital commutative associative algebra C((z)) together with the derivation
D = d/dz. Similarly, we show that any endomorphism of C((z))⊗ V , restricted to
V , is a pseudoendomorphism of V , and that the C((z))-linear extension of every
pseudoendomorphism of V is an endomorphism of vertex algebra C((z)) ⊗ V . In
Section 3, we reinterpret the construction of simple current modules in terms of
pseudoautomorphisms.
2. Pseudoderivations and pseudoendomorphisms
In this section we review Etingof-Kazhdan’s notion of pseudoderivation and de-
fine a notion of pseudoendomorphism for a vertex algebra V and we then relate
pseudoderivations and pseudoendomorphism of V with derivations and endomor-
phisms of the tensor product vertex algebra C((z))⊗ V .
We shall not recall the full definition of a vertex algebra, but for convenience we
just mention the main ingredients. For a vertex algebra V , we have the vacuum
vector 1 and the vertex operator map Y : V → Hom(V, V ((x))) ⊂ (EndV )[[x, x−1]],
where
Y (v, x) =
∑
n∈Z
vnx
−n−1 (with vn ∈ EndV ).
There is a canonical linear operator D on V defined by
D(v) = v−21 for v ∈ V.(2.1)
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The basic properties about D are
Y (u, x)1 = exDu,(2.2)
Y (u, x)v = exDY (v,−x)u,(2.3)
[D, Y (v, x)] = Y (Dv, x) =
d
dx
Y (v, x) for u, v ∈ V.(2.4)
An endomorphism of a vertex algebra V is a linear endomorphism f of V such
that f(1) = 1 and
fY (u, x)v = Y (f(u), x)f(v) for u, v ∈ V.(2.5)
An automorphism of a vertex algebra V is a bijective endomorphism.
A derivation of a vertex algebra V (cf. [B], [Lia]) is a linear endomorphism d
such that
dY (u, x)v = Y (u, x)dv + Y (du, x)v for u, v ∈ V.(2.6)
The operator D is a derivation of V and it follows from Borcherds’ commutator
formula that for any v ∈ V , v0 is a derivation of V .
If d is a derivation of V , one can show that d1 = 0 and [D, d] = 0. It is
straightforward to see that all the derivations of V form a Lie subalgebra DerV of
gl(V ) (the general Lie algebra), with an ideal consisting of v0 for v ∈ V .
Remark 2.1. If d is a derivation of V , which is locally finite in the sense that for
any v ∈ V , the vectors dnw for n ≥ 0 span a finite-dimensional subspace of V , then
ed is an automorphism of the vertex algebra V .
The following notion is due to Etingof and Kazhdan [EK]:
Definition 2.2. Let V be a vertex algebra. A pseudoderivation of a vertex algebra
V is a linear homomorphism a(z) from V to C((z))⊗ V such that
[D, a(z)] = −
d
dz
a(z),(2.7)
[a(z), Y (u, x)] = Y (a(z + x)u, x) for u ∈ V,(2.8)
where D acts on C((z))⊗V as 1⊗D and the map Y is C((z))[[x]]-linearly extended
to C((z))[[x]] ⊗ V .
All the pseudoderivations of vertex algebra V clearly form a C-subspace of
Hom(V,C((z)) ⊗ V ), which is denoted by PDer(V ), as in [EK]. Note that we
have
HomC(V,C((z))⊗ V ) ≃ EndC((z))(C((z))⊗ V )(2.9)
as C-vector spaces. As it was pointed out in [EK], PDer(V ) is naturally a Lie
subalgebra of gl(C((z))⊗ V ).
We have the following results, among which the second assertion was proved in
[EK]:
Proposition 2.3. In Definition 2.2, (2.7) follows from (2.8). Furthermore, for
any pseudoderivation a(z) we have a(z)1 = 0.
Proof. Since Y (1, x) = 1, from (2.8) we have Y (a(z + x)1, x) = 0. As the map Y
is injective (see [FHL]), we have a(z + x)1 = 0. Thus a(z)1 = 0.
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Now applying both sides of (2.8) to the vacuum vector 1 and using the fact that
a(z)1 = 0, we get
a(z)Y (u, x)1 = Y (a(z + x)u, x)1.
Thus
a(z)exDu = exDa(z + x)u = exDexd/dza(z)u.
That is,
e−xDa(z)exDu = exd/dza(z)u,(2.10)
from which we immediately have (2.7). 
The following result, due to [EK], gives a construction of pseudoderivations:
Proposition 2.4. Let V be a vertex algebra, let v ∈ V and let f(z) ∈ C((z)). Then
Xf,v = Resxf(z + x)Y (v, x) =
∑
n≥0
f (n)(z)
n!
vn(2.11)
is a pseudoderivation of V .
As we have done so in Definition 2.2, we extend the C-linear map Y from V
to Hom(V, V ((x))) to a C((z))-linear map from C((z)) ⊗ V to (EndC((z))(C((z)) ⊗
V ))[[x, x−1]]. With C((z)) as a field, C((z)) ⊗ V equipped with the C((z))-linear
map Y is naturally a vertex algebra over C((z)).
On the other hand, C((z)) is a unital commutative associative algebra over C
with d/dz as a derivation. From [B], C((z)) is a vertex algebra with 1 as the vacuum
vector where
Y (f(z), x)g(z) = f(z + x)g(z) = (exd/dzf(z))g(z)(2.12)
for f(z), g(z) ∈ C((z)). Then for any vertex algebra V , from [FHL], C((z)) ⊗ V is
a vertex algebra where the vertex operator map Ŷ is given by
Ŷ (f(z)⊗ u, x)(g(z)⊗ v) = f(z + x)g(z)⊗ Y (u, x)v(2.13)
for f(z), g(z) ∈ C((z)), u, v ∈ V . Throughout this note, we always refer the vertex
algebra C((zC((z))⊗ V to this specific vertex algebra structure.
In the following we shall use both maps Y and Ŷ on C((z)) ⊗ V . It is very
important for us to distinguish them. For any vector w(z) ∈ C((z))⊗ V , we have
Ŷ (w, x) = Y (w(z + x), x) = ex
∂
∂z Y (w(z), x).(2.14)
Denote by DerC((z))(C((z))⊗ V ) the space of C((z))-linear derivations of vertex
algebra C((z))⊗ V .
Proposition 2.5. Let V be any vertex algebra (over C). Every derivation of vertex
algebra C((z)) ⊗ V , restricted to V , is a pseudoderivation of V . On the other
hand, the C((z))-linear extension of any pseudoderivation of V is a derivation of
C((z))⊗ V . Furthermore, we have
DerC((z))(C((z))⊗ V ) = PDer(V ).(2.15)
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Proof. Let σ be a derivation of the vertex algebra C((z)) ⊗ V . By restricting (the
domain of) σ to V we have a C-linear map a(z) from V to C((z))⊗V . Using (2.14)
we get
a(z)Y (u, x)v − Y (u, x)a(z)v = a(z)Ŷ (u, x)v − Ŷ (u, x)a(z)v
= Ŷ (a(z)u, x)v
= Y (a(z + x)u, x)v.
In view of Proposition 2.3, a(z) is a pseudoderivation of V .
On the other hand, let a(z) be a pseudoderivation of V . Consider a(z) as a
C((z))-linear endomorphism of C((z))⊗V . For f(z), g(z) ∈ C((z)), u, v ∈ V , using
(2.14) we have
a(z)Ŷ (f(z)⊗ u, x)(g(z)⊗ v)
= a(z)(f(z + x)g(z)⊗ Y (u, x)v)
= f(z + x)g(z)a(z)Y (u, x)v
= f(z + x)g(z)Y (u, x)a(z)v + f(z + x)g(z)Y (a(z + x)u, x)v
= Y (f(z + x)u, x)g(z)a(z)v + Y (f(z + x)a(z + x)u, x)g(z)v
= Ŷ (f(z)u, x)a(z)(g(z)v) + Ŷ (a(z)f(z)u, x)g(z)v.
This proves that a(z) is a derivation of C((z)) ⊗ V . The identification of the two
spaces in (2.15) is clear. 
Remark 2.6. For any f(z) ∈ C((z)), v ∈ V , (f(z)v)0 is a derivation of vertex
algebra C((z))⊗ V . We have
(f(z)v)0 = ResxŶ (f(z)v, x) = Resxf(z + x)Y (v, x) = Xf,v.(2.16)
In view of Proposition 2.5, Xf,v is a pseudoderivation of V . This gives a (slightly)
different proof of Proposition 2.4.
Define a C-linear map
X : C((z))⊗ V → PDer(V ), (f, v) 7→ Xf,v.(2.17)
Denote by Dˆ the D-operator of C((z))⊗ V . We have
Dˆ = d/dz ⊗ 1 + 1⊗D.(2.18)
Since (Dˆ(f⊗v))0 = 0 on C((z))⊗V for any f ∈ C((z)), v ∈ V , we have Dˆ(C((z))⊗
V ) ⊂ kerX . Then we have a linear map, also denoted by X , from (C((z)) ⊗
V )/Dˆ(C((z)) ⊗ V ) to PDer(V ). Recall from [B] that for any vertex algebra U ,
U/DU is a Lie algebra with
[a+DU, b+DU ] = a0b+DU for a, b ∈ U.(2.19)
Now, taking U = C((z)) ⊗ V , we have a Lie algebra (C((z)) ⊗ V )/Dˆ(C((z)) ⊗ V )
with
[f(z)⊗ u, g(z)⊗ v] = (f(z)⊗ u)0(g(z)⊗ v) =
∑
n≥0
1
n!
f (n)(z)g(z)⊗ unv(2.20)
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for f(z), g(z) ∈ C((z)), u, v ∈ V . On the other hand, we have
[Xf,u, Xg,v] =
∑
m,n≥0
1
m!
1
n!
f (m)g(n)[um, vn]
=
∑
m,n≥0
∑
i≥0
(
m
i
)
1
m!
1
n!
f (m)g(n)(uiv)m+n−i
=
∑
m′,n≥0
∑
i≥0
(
m′ + i
i
)
1
(m′ + i)!
1
n!
f (m
′+i)g(n)(uiv)m′+n
=
∑
k≥0
k∑
n=0
∑
i≥0
(
k − n+ i
i
)
1
(k − n+ i)!
1
n!
f (k−n+i)g(n)(uiv)k
=
∑
k≥0
∑
i≥0
1
k!
1
i!
(f (i)g)(k)(uiv)k
= X[f⊗u,g⊗v].
Thus X is a Lie algebra homomorphism.
To summarize we have:
Proposition 2.7. For any vertex algebra V , the linear map
X : (C((z))⊗ V )/Dˆ(C((z))⊗ V )→ PDer(V ),
(f(z), v) 7→ Xf,v(2.21)
is a Lie algebra homomorphism.
Next, we study notions of pseudoendomorphism and pseudoautomorphism.
Definition 2.8. A pseudoendomorphism of a vertex algebra V is a C-linear map
A(z) from V to C((z))⊗ V such that
A(z)1 = 1 (= 1⊗ 1),(2.22)
[D, A(z)] = −
d
dz
A(z),(2.23)
A(z)Y (v, x) = Y (A(z + x)v), x)A(z) for v ∈ V.(2.24)
A pseudoautomorphism of a vertex algebra V is an invertible pseudoendomor-
phism of V . Clearly, all the pseudoautomorphisms of V form a group, which we
denote by PAut(V ).
Remark 2.9. It is clear that a constant pseudoendomorphism of V exactly amounts
to an endomorphism of vertex algebra V .
The following result, analogous to Proposition 2.3, shows that condition (2.23)
in Definition 2.8 is redundant:
Lemma 2.10. Let V be a vertex algebra and let A(z) ∈ Hom(V,C((z)) ⊗ V ) be
such that (2.22) and (2.24) hold. Then A(z) is a pseudoendomorphism of V .
Proof. Applying (2.24) to 1 and using the assumption that A(z)1 = 1 we get
A(z)Y (v, x)1 = Y (A(z + x)v, x)1 = ex
∂
∂z Y (A(z)v, x)1.(2.25)
Just as in the second paragraph of the proof of Proposition 2.3, we get
[A(z),D]v =
d
dz
A(z)v,
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proving (3.2). Thus A(z) is a pseudoendomorphism of V . 
We also have the following analogue of Proposition 2.5:
Proposition 2.11. Let V be a vertex algebra. Every endomorphism of vertex
algebra C((z)) ⊗ V , restricted to V , is a pseudoendomorphism of vertex algebra
V . On the other hand, the C((z))-linear extension of any pseudoendomorphism of
vertex algebra V is an endomorphism of vertex algebra C((z)) ⊗ V . Furthermore,
we have
PEnd(V ) = EndC((z))(C((z))⊗ V ),(2.26)
where EndC((z))(C((z))⊗ V ) stands for the space of all the C((z))-linear endomor-
phisms of vertex algebra C((z))⊗ V .
Proof. Let σ be an endomorphism of vertex algebra C((z))⊗ V . Denote by Aσ(z)
the restriction of σ as a C-linear map from V to C((z))⊗ V . Then
Aσ(z)1 = σ(1 ⊗ 1) = 1⊗ 1 = 1
and for u, v ∈ V , using (2.14) we get
Aσ(z)Y (u, x)v = σŶ (u, x)v = Ŷ (σ(u), x)σ(v)
= Ŷ (Aσ(z)u, x)Aσ(z)v
= Y (Aσ(z + x)u, x)Aσ(z)v.
In view of Lemma 2.10, Aσ(z) is a pseudoendomorphism of vertex algebra V .
On the other hand, let A(z) be a pseudoendomorphism of vertex algebra V .
Denote by A¯(z) the corresponding C((z))-linear endomorphism of C((z))⊗V . Then
for f(z) ∈ C((z)), v ∈ V , we have
A¯(z)Ŷ (f(z)u, x)(g(z)v)
= A¯(z) (f(z + x)g(z)Y (u, x)v)
= f(z + x)g(z)A(z)Y (u, x)v
= f(z + x)g(z)Y (A(z + x)u, x)A(z)v
= Y (f(z + x)A(z + x)u, x)g(z)A(z)v
= Y (A¯(z + x)f(z + x)u, x)g(z)A(z)v
= Ŷ (A¯(z)(f(z)u), x)A¯(z)(g(z)v).(2.27)
That is, A¯(z) is an endomorphism of vertex algebra C((z))⊗ V . 
Just as the exponential of a locally nilpotent derivation of a Lie algebra is an
automorphism we have:
Proposition 2.12. Let V be a vertex algebra and let a(z) be a pseudoderivation of
V such that [a(z), a(x)] = 0 and such that for every v ∈ V , there exists a positive
integer k such that a(z)kv = 0. Then expa(z) is a pseudoautomorphism of V .
Proof. It is clear that under the assumptions, exp a(z) is a well defined linear
map from V to C((z)) ⊗ V . As a(z)1 = 0, we have (exp a(z))1 = 1. Since
[a(z), Y (v, x)] = Y (a(z + x)v, x) for v ∈ V , it follows immediately that
(exp a(z))Y (v, x) exp(−a(z)) = Y ((exp a(z + x))v, x).(2.28)
By Lemma 2.10, expa(z) is a pseudoautomorphism of V . 
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Example 2.13. Let V = Lgˆ(ℓ, 0) be the simple vertex operator algebra associ-
ated with an affine Kac-Moody Lie algebra gˆ and with a positive integer ℓ. Then
Lgˆ(ℓ, 0) is an integrable gˆ-module (see [K]). Let u be a root vector of g. We have
[u(x1), u(x2)] = 0 and for every n ∈ Z, u(n) acts locally nilpotently on Lgˆ(ℓ, 0).
Furthermore, for any w ∈ Lgˆ(ℓ, 0) we have u(n)w = 0 for n sufficiently large. It
follows that for any f(z) ∈ C((z)) and for any w ∈ Lgˆ(ℓ, 0), there exists a nonneg-
ative integer k such that Xkf,uw = 0. (Recall that Xf,u =
∑
n≥0 f
(n)(z)u(n).) By
Proposition 2.12, we have a pseudoautomorphism expXf,u. It will be interesting
to study the subgroup of PAut(V ), generated by all such expXf,u.
3. Simple current modules and pseudoautomorphisms
In this section we reveal a connection between pseudoautomorphisms and simple
current modules for a vertex algebra.
Let us first recall the following results from [Li2]:
Proposition 3.1. Let V be a vertex algebra and let ∆(z) ∈ Hom(V,C((z)) ⊗ V ).
If (V, Y (∆(x)·, x)) carries the structure of a V -module, then
∆(z)1 = 1 (1 ⊗ 1),(3.1)
[D,∆(z)] = −
d
dz
∆(z),(3.2)
∆(z)Y (v, x) = Y (∆(z + x)v, x)∆(z) for v ∈ V.(3.3)
On the other hand, if ∆(z) ∈ Hom(V,C((z))⊗V ) satisfies the above three conditions,
then for any V -module (W,YW ), (W,YW (∆(x)·, x)) carries the structure of a V -
module.
The following notion is due to [SY]:
Definition 3.2. Let V be a simple vertex operator algebra. An irreducible (simple)
V -module W is called a simple current V -module if the matrix of the left multi-
plication associated to the equivalence class of W in the fusion algebra of V is a
permutation.
Proposition 3.3. Let V be an irreducible vertex algebra and let ∆(z) ∈ Hom(V,C((z))⊗
V ) such that the three conditions in Proposition 3.1 hold. Suppose that ∆(z)
is invertible in the sense that there exists A(z) ∈ Hom(V,C((z)) ⊗ V ) such that
A(z)∆(z) = ∆(z)A(z) = 1. Then (V, Y (∆(x)·, x)) carries the structure of a simple
current V -module.
Remark 3.4. In [Li2], it was assumed that ∆(z) ∈ Hom(V, V [z, z−1]), however,
all the proofs just work fine if ∆(z) ∈ Hom(V,C((z))⊗ V ).
The following result was obtained in [Li2] (see also [Li1]):
Proposition 3.5. Let V be a vertex algebra and let h ∈ V be such that
h1h ∈ C1 and hnh = 0 for n ≥ 0, n 6= 1(3.4)
and such that h0 acts semisimply on V with integral eigenvalues and hn for n ≥ 1
act locally nilpotently on V . Set
∆(h, z) = zh(0) exp

∑
n≥1
h(n)
−n
(−z)−n

 .(3.5)
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Then ∆(h, z) satisfies the conditions (3.1)-(3.3).
Now, in terms of our notions of pseudoendomorphism and pseudoautomorphism
Propositions 3.1 and 3.3 can be reformulated as follow:
Proposition 3.6. Let V be a vertex algebra and let ∆(z) ∈ Hom(V,C((z)) ⊗ V ).
If (V, Y (∆(x)·, x)) carries the structure of a V -module, then ∆(z) is a pseudoendo-
morphism of V . On the other hand, if ∆(z) is a pseudoendomorphism of V , then
for any V -module (W,YW ), (W,YW (∆(x)·, x)) carries the structure of a V -module.
Furthermore, if ∆(z) is invertible, (V, Y (∆(x)·, x)) is a simple current V -module.
Next, we discuss certain connections between V -modules and C((z))⊗V -modules.
Since V is a vertex subalgebra of C((z))⊗V , any C((z))⊗V -module is naturally a
V -module. On the other hand, any V -module can be naturally made a C((z))⊗V -
module by the following result:
Proposition 3.7. Let (W,YW ) be a V -module. Define a C-linear map
ŶW : C((z))⊗ V → (EndW )[[x, x
−1]]
by
ŶW (f(z)⊗ v, x) = f(x)YW (v, x)(3.6)
for f(z) ∈ C((z)), v ∈ V . Then (W, ŶW ) carries the structure of a C((z)) ⊗ V -
module.
Proof. It is clear that ŶW (f(z)⊗v, x) ∈ Hom(W,W ((x))) for f(z) ∈ C((z)), v ∈ V .
We have
ŶW (1⊗ 1, x) = YW (1, x) = 1W .
Furthermore, for f(z), g(z) ∈ C((z)), u, v ∈ V , we have
ŶW (f(z)⊗ u, x1) = f(x1)YW (u, x1),
ŶW (g(z)⊗ v, x2) = g(x2)YW (v, x2),
and
x−12 δ
(
x1 − x0
x2
)
ŶW (Ŷ (f(z)⊗ u, x0)(g(z)⊗ v, x2)
= x−12 δ
(
x1 − x0
x2
)
ŶW (f(z + x0)g(z)⊗ Y (u, x0)v, x2)
= x−12 δ
(
x1 − x0
x2
)
f(x2 + x0)g(x2)YW (Y (u, x0)v, x2)
= x−12 δ
(
x1 − x0
x2
)
f(x1)g(x2)YW (Y (u, x0)v, x2).
It follows immediately that the Jacobi identity holds. Thus (W, ŶW ) carries the
structure of a C((z))⊗ V -module. 
Remark 3.8. We here give a new proof for the assertion in Proposition 3.6 that if
∆(z) is a pseudoendomorphism of V , for any V -module (W,YW ), (W,YW (∆(x)·, x))
is a V -module. In view of Proposition 2.11, a pseudoendomorphism ∆(z) of V is
naturally an endomorphism of the tensor product vertex algebra C((z)) ⊗ V . For
any V -module (W,YW ), by Proposition 3.7, we have a C((z))⊗V -module (W, ŶW ).
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By the simple fact, (W, ŶW ◦ ∆(z)) is also a C((z)) ⊗ V -module. In particular,
(W, ŶW ◦∆(z)) is a V -module. Furthermore, for u ∈ V , we have
ŶW (∆(z)u, x) = YW (∆(x)u, x).(3.7)
This shows that (W,YW (∆(x)·, x)) is a V -module.
Remark 3.9. Recall from Proposition 3.5 the pseudoautomorphism ∆(h, z). Since
[h(m), h(n)] = 0 for m,n ≥ 0, we can write ∆(h, z) as
∆(h, z) = exp

h(0) log z +∑
n≥1
(−1)n−1
h(n)
n
z−n

 .(3.8)
Notice that if we could take f(z) = log z in the formula
Xf,v =
∑
n≥0
1
n!
f (n)(z)vn = Resxe
x(d/dz)f(z)Y (v, x),
we would have
Xlog z,v =
∑
n≥0
1
n!
(d/dz)n(log z)vn = v0 log z +
∑
n≥1
(−1)n−1
1
n
vnz
−n.
Now, Xlog z,v is a C-linear map from V to C((z))[log z]⊗ V . One can easily proves
[Xlog z,v, Y (u, x)] = Y (e
x(d/dz)Xlog z,vu, x) for u ∈ V.(3.9)
This suggests us to study “logarithmic pseudoderivations” of V , which are C-linear
maps a(z) from V to C((z))[log z]⊗ V satisfying the condition
[a(z), Y (u, x)] = Y (ex(d/dz)a(z)u, x) for u ∈ V.(3.10)
One can also define a notion of logarithmic pseudoendomorphism of V as a linear
map A(z) from V to C((z))[log z]⊗ V such that
A(z)Y (u, x)v = Y (ex(d/dz)A(z)u, x)A(z)v for u, v ∈ V.(3.11)
We shall study this in a future publication.
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